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Model Setup

Two agents:

• Hand-to-mouth workers who supply one unit of labor inelastically.

• Idle capitalists who choose {Ct}∞t=0 to maximize

∞∑
t=0

βtC
1−σ
t

1− σ

subject to the capital accumulation constraint:

Kt+1 = (1− δ)Kt + (1− τ)rtKt − Ct

Production and Factor Prices

Cobb–Douglas production and perfect competition imply:

rtKt = αKα
t

So the law of motion becomes:

Kt+1 = (1− δ)Kt + (1− τ)αKα
t − Ct

Taking partial derivatives:

∂Ct

∂Kt+1
= −1,

∂Ct

∂Kt
= (1− δ) + (1− τ)α2Kα−1

t

Dynamic Programming

The value function is:

V (Kt) =
C1−σ
t

1− σ
+ βV (Kt+1)

First-order condition:

∂V (Kt)

∂Kt+1
= −C−σ

t + βC−σ
t+1

(
(1− δ) + (1− τ)α2Kα−1

t+1

)
= 0

Euler Equation:
C−σ
t = βC−σ

t+1

(
(1− δ) + (1− τ)α2Kα−1

t+1

)
1



Steady State Analysis

At steady state, Ct = Ct+1 = C̄ and Kt = K̄:

C̄−σ = βC̄−σ
(
(1− δ) + (1− τ)α2K̄α−1

)
1

β
= (1− δ) + (1− τ)α2K̄α−1

1

β
− (1− δ) = (1− τ)α2K̄α−1

β−1 − 1 + δ

(1− τ)α2
= K̄α−1

K̄ =

[
(β−1 − 1 + δ)

(1− τ)α2

] 1
α−1

Worker’s Income

Worker’s post-tax income is:
Wt = (1− α)Kα︸ ︷︷ ︸

wages

+ ταKα︸ ︷︷ ︸
tax

Wt = (1− α+ τα)Kα

At steady state:

W̄ = (1− α+ τα)

[
(β−1 − 1 + δ)

(1− τ)α2

] α
α−1

Optimal Tax Rate

Maximize ln(W̄ ):

ln(W̄ ) = ln(1− α+ τα) +
α

α− 1

[
ln(β−1 − 1 + δ)− ln(1− τ)− 2 ln(α)

]
First-order condition with respect to τ :

∂ ln(W̄ )

∂τ
=

α

1− α+ τα
+

α

α− 1
· 1

1− τ
= 0

α

1− α
· 1

1− τ
=

α

1− α+ τα

(1− α)(1− τ) = 1− α+ τα

1− τ − α+ ατ = 1− α+ τα

−τ = 0

τ = 0
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